Abstract. A brief survey of known results, open problems and new contributions to the understanding of the nonexistence of nontrivial solutions to nonlinear boundary value problems (BVPs) whose linear part is of mixed elliptic-hyperbolic type is given. Crucial issues discussed include: the role of so-called critical growth of the nonlinear terms in the equation (often related to threshold values of continuous and compact embedding for Sobolev spaces in Lebesgue spaces), the role that hyperbolicity in the principal part plays in over-determining solutions with classical regularity if data is prescribed everywhere on the boundary, the relative lack of regularity that solutions to such problems possess and the subsequent importance to address nonexistence of generalized solutions.
INTRODUCTION
Nonexistence results for nonlinear PDEs often involve some kind of critical exponent phenomenon, which is related to criticality in the embedding of the relevant Sobolev space (where one seeks the solution) into some other function space (typically a Lebesgue space).
The Sobolev embedding theorem. Let Ω be a bounded smooth domain in R n , n ∈ N, n ≥ 3. Then one has the embedding of H 1 0 (Ω) into L q (Ω) with q ≤ 2n n − 2 .
The critical Sobolev exponent is denoted by 2 * (n) := 2n n − 2 and the embedding is compact for p ∈ [1, 2 * (n)), but fails to be compact at the critical exponent. It is well known, starting from the seminal paper of Pohožaev (1965) , that the homogeneous Dirichlet problem for semi-linear elliptic equations such as ∆u + u|u| p−2 = 0 in Ω,
where Ω is a bounded subset of R n , with n ≥ 3, will permit only the trivial solution u ≡ 0 if the domain is star-shaped, the solution is sufficiently regular, and p > 2 * (n) = 2n/(n − 2). On the other hand, at subcritical growth in the nonlinearity such as f (u) = u|u| p−2 , one generically does have existence of solutions. For example, if Ω is a bounded smooth domain in R n with n ≥ 3 and if 0 < λ 1 < λ 2 ≤ λ 3 < . . . 
Theorem 1
In the case 2 < p < 2 * (n): for any λ < λ 1 there exists a positive solution u ∈ C 2 (Ω) ∩ C 0 (Ω) to the problem (1) - (2) .
More precise results in the critical case p = 2 * (n) are known, beginning with the celebrated paper of Brezis and Nirenberg [5] . A survey of such results can be found in the monograph of Struwe [39] . [34] and the relation with the general Noetherian theory is also mentioned. There are hundreds of papers in this approach, connected in very short way with geometrical applications, but we mention only [5] , [38] . Or, some recent fractional analogues in [10] , [35] .
Remark 1 Identities of Pohožaev type have been widely used in the theory PDEs, in particular for establishing non-existence results for large classes of forced elliptic boundary value problems and eigenvalue problems. Let us mention that so-called Pohožaev identities became very popular after the papers of Pucci and Serrin, where a very general form was given in

Remark 2
Much [27] . See also the more recent work of [36, 37] and [23] .
Equations of mixed elliptic-hyperbolic type. Beginning with the paper [19] , critical exponent phenomena have also been studied in this setting. In the supercritical case, a nonexistence principle was established in [19] for Tricomi type equations in two dimensions with suitable boundary conditions compatible with linear solvability theory. This has led to the study of boundary value problems of the form
where: Ω ⊂ R N+1 is a bounded open set with piecewise C 1 boundary; F ′ (0) = 0; L is a mixed type operator of Gellerstedt type with K(y) = y|y| m−1 , m > 0 is a pure power type change function; x ∈ R N with N ≥ 1. All such operators are invariant with respect to a certain anisotropic dilation which defines a suitable notion of star-shapedness by using the flow of the vector field which is the infinitesimal generator of the invariance. The complete symmetry group for such operators has been studied in [20] and connected to a singular geometric structure of mixed Riemannian-Lorentzian signature in [26] .
In dimension 2 (where N = 1), such operators have a long standing connection with transonic fluid flow, a connection first established by Frankl' (1945) [11] . Both classical and modern surveys of such applications can be found in papers of Cathleen Morawetz [24, 25] .
Two different classes of boundary value problems are to be considered in the mixed type setting. They differ as to whether Σ = ∂Ω or is a proper subset of ∂Ω and are called closed and open boundary conditions, respectively.
1. The nonexistence principle for the (closed) Dirichlet problem:
We need an additional geometric hypothesis on the boundary -the hyperbolic portion of the boundary is subcharacteristic for the operator L. This condition is natural for applications such as transonic flow (see [14, 39] ).
2.
For the open boundary problems, the situation is more difficult. The lack of a boundary condition on a part Γ ∂Ω complicates the control of the corresponding boundary integral in the Pohožaev argument, but if Γ is characteristic and tangential to the dilation flow, a sharp Hardy-Sobolev inequality with reminder term successfully applied in the critical case, or for the generalized solutions (see [8, 9, 22] ) ensures that the contribution along Γ has the right sign.
In all cases, for the operator L the critical exponent phenomenon is of pure power type of order p where p agrees with a critical Sobolev exponent in the embedding of a suitably weighted version of 
THE DIRICHLET PROBLEM FOR MIXED TYPE NONLINEAR EQUATIONS
In this section, we recall the relatively simple result that the closed Dirichlet problem for the supercritical semi-linear Gellerstedt equation admits only trivial classical solutions. Consider the problem:
where Ω ⊂ R N+1 is a bounded mixed domain; that is, an bounded, open and connected subset of with piecewise C 1 boundary such that
the elliptic/hyperbolic regions in Ω.
The hyperbolic boundary
will be called sub-characteristic for the operator L if one has
where ν = (ν x , ν y ) is the (external) normal field on the boundary. If (7) holds in the strict sense, we will call Σ − strictly sub-characteristic, which just means that Σ − is a piece of a spacelike hypersurface for the operator L.
The operator L is invariant with respect to the anisotropic dilation whose infinitesimal generator is
The dilation is used to define a class of admissible domains for the nonexistence principle in the following way.
Definition 1
One says that Ω is V-star-shaped if for every (x 0 , y 0 ) ∈ Ω the time t flow of (x 0 , y 0 ) along V lies in Ω for each t ∈ [0, +∞].
A simple application of the divergence theorem shows that ff Ω is V-star-shaped then ∂Ω will be V-star-like in the sense that on ∂Ω one has ((m + 2)x, 2y) · ν ≥ 0.
If the inequality (9) holds in the strict sense, we will say that ∂Ω is strictly V-star-like. The dilation generated by V in (8)) also gives rise to a critical exponent
for the embedding of the weighted Sobolev space
) dxdy defines a natural norm for which to begin the search for weak solutions. The basic result we wish to recall is the following.
Theorem 2 ([21]) Let Ω be mixed type domain which is star-shaped with respect to the generator V of the dilation invariance and whose hyperbolic boundary is sub-characteristic. Let u ∈ C 2 (Ω) be a solution to the Dirichlet problem with F
The result follows from the application of a Pohožaev type identity calibrated to the dilation invariance combined with an integral identity obtained by multiplying the PDE by u y . On the other hand, for asymptotically linear f , one has many recent existence results for nonlinear Dirichlet problems involving mixed type operators as one can find in [16, 17] .
HARDY SOBOLEV INEQUALITIES
In contrast with the (closed) Dirichlet problems, in boundary value problems with open boundary conditions for mixed type equations, the absence of a boundary condition on some part of the boundary leaves additional boundary integrals in Pohožaev type identities whose sign must be controlled. A key role is played by weighted versions of the Hardy inequality ( [19, 20] ). A prototype of such an inequality (often referred to as a Hardy-Sobolev inequality) is:
which holds for every
The constant is sharp. Moreover, the value of the sharp constant is needed and used in the proof of even the first nonexistence results in [19] . One should note that there are many multidimensional analogues of (10) .
Further progress in the cases of critical growth rely on refinements of (10) such as the Hardy-Sobolev inequality with remainder term; refinements which have their origins in the work of Brezis-Vasquez [6] and Chen-Shen [7] . Such inequalities have been successfully applied for critical growth mixed type equations (even with generalized solutions) in [8, 9, 22] . A prototype of such a refined inequality is the following result:
TWO DIMENSIONAL BOUNDARY VALUE PROBLEMS
In this section, we briefly explain the main results in [19] and [21] on the nonexistence principle for mixed type equations in two dimensional problem, where the theory is most complete. We consider the two-dimensional version of the main problem (5) -(6)
where m > 0, Ω is a mixed-type domain in the plane, and Σ ⊂ ∂Ω.
As noted in section 2, a portion Σ 1 of the hyperbolic boundary Σ − = ∂Ω∩{y < 0} will be called sub-characteristic for the operator L if one has
where ν = (ν x , ν y ) is again the external normal field at the boundary and Σ 1 strictly sub-characteristic if (13) . holds in the strict sense.
As noted, the operator L in (11) is invariant with respect to the anisotropic dilation whose infinitesimal generator in dimension two is
The notions of Ω being V-star-shaped and ∂Ω being V-star-like are given in Definition 1 and formula (9) of section 2.
The dilation generated by V in (14) also gives to a critical exponent
defines a natural norm for variational solutions. Notice that (11) is the Euler-Lagrange equation associated with the functional
is the Lagrangian corresponding to L. In [19] , one has the nonexistence principle for the Tricomi problem in the domain Ω which consists of an elliptic part Ω ∩ {y > 0} and the characteristic "triangle" as the hyperbolic part Ω ∩ {y < 0}. In this case ∂Ω = Σ ∪ Γ with Σ = σ ∪ AC and Γ = BC, where σ is an arc in the elliptic region Ω ∩ {y > 0} and AC/BC are characteristics of L in Ω ∩ {y < 0} with negative/positive slopes, respectively, intersecting in C = (x C , y C ); that is, with
In [21] , 
Theorem 3
( [19] , [9] in the critical case) Let Ω ⊂ R 2 be a Frankl' domain with boundary ∂Ω =σ ∪ Γ 1 ∪ BC (with Γ 1 sub-characteristic for L). Assume that Ω is star-shaped with respect to the generator V as in (14) of the dilation invariance for L. Let u ∈ C 2 (Ω) be a solution to (11) - (12) The same arguments work also for the Guderley-Morawetz problem in which one removes a solid backward light cone with vertex at the origin
from a bounded open and simply connected set Ω which contains the origin. Let Ω = Ω \ K(0) be the resulting domain, called a Guderley-Morawetz domain. Its boundary consists of σ ∪ Γ 1 ∪ Γ 2 ∪ BC 1 ∪ BC 2 where σ is the elliptic boundary which connects A 1 with A 2 on the parabolic line, Γ j are sub-characteristic arcs descending from A j which intersect the characteristics BC j forming the boundary of (2.10) at the points C j . The boundary value problem is to solve (11) - (12), where in this case Σ = σ ∪ Γ 1 ∪ Γ 2 . Now we summarize the previous results ( [21] ) in the supercritical case, complementing them with results from [8] , and, especially, incorporating also the critical case p = 2 * (1, m).
Theorem 4
Let Ω ⊂ R 2 be a Guderley-Morawetz domain with boundary σ ∪ Γ 1 ∪ Γ 2 ∪ BC 1 ∪ BC 2 (where Γ 1 , Γ 2 are sub-characteristic). Assume that σ ∪ Γ 1 ∪ Γ 2 is star-like with respect to the generator V (see 14) of the dilation invariance for L. Let u∈ C 2 (Ω) ∩ C 1 (Ω) be a solution to (11) - (12) [18] .
Remark 3 In the linear case, the boundary-value problems of Tricomi, Frankl', and Guderley-Morawetz are the classical boundary value problems that appear in hodograph plane for 2-D transonic potential flows ([4], [25]). The first two of these problems are relevant to flows in nozzles and jets, and the third problem occurs as an approximation to a respective "exact" boundary-value problem in the study of flows around airfoils (in this case the 'exact' problem is the "closed" Dirichlet problem). Existence of weak solutions and uniqueness of strong solutions in weighted Sobolev spaces for the Guderley-Morawetz problem were first established by Morawetz [24] by reducing the problem to a first order system which then gives rise to solutions to the scalar equation in the presence of sufficient regularity. The availability of such sufficient regularity follows from the work of Lax and Phillips [15] who also established that the weak solutions of Morawetz are strong (see also Remark 5 below). For all of these linear problems there are suitable uniqueness theorems which, as we have shown, imply a Pohožaev nonexistence principle for supercritical nonlinear variants, provided that the domains are suitably star-shaped. The key component of the proof of this implication is that the boundary curves, on which there is no imposed boundary condition, are characteristics which are tangential to the flow generated by the dilation invariance.
Remark 4 With respect to existence, one knows that weak solutions exist for the linear problem under suitable hypotheses on Σ. In particular, one has weak existence and uniqueness in H 1 (Ω) (i.e. H 1 (Ω; m) with norm (16)) for angular (normal) domains in which the elliptic arc meets the parabolic line at acute (right) angles. Such type of results for "closed" boundary-value problems with Dirichlet or mixed Dirichlet-conormal boundary data can be found in recently published
Remark 5
With respect to the regularity of solutions, we have assumed throughout this work that the solutions are of class 
Essentially, this is a problem in linear analysis, of the type "weak solutions = strong solutions" as considered by Lax and Phillips [15] and others.
THE GOURSAT 2-D PROBLEM FOR NONLINEAR TRICOMI EQUATION IN THE FRAMEWORK OF GENERALIZED SOLUTIONS
In our discussion up to now, strong regularity u ∈ C 2 (Ω) was used in the proof of nonexistence results based on Pohožaev type identities calibrated to invariances in the linear part of the equation. This is an unpleasant state of affairs, since even for linear equations one does not expect such regularity in the solutions and one might worry that the nonexistence comes from such a high regularity demand. However, the accepted thinking is that this is a technical matter and that critical and supercritical growth ought to impose triviality for a suitable notion of weak solutions in V-star-shaped domains. This is indeed the case for simple, but important planar problems involving degenerate hyperbolic equations, as was shown in [22] . We wish to briefly describe the idea here.
One considers the problem
where
where the translation invariance in the equation means that B = (0, 0) is a harmless normalization. A solid linear theory for the equation Lu = f with f ∈ L 2 (Ω) is developed in [22] , including well-posedness in the natural Sobolev space H 1 Γ (Ω) which is the completion in the norm
where N ϵ (Γ) is an ϵ neighborhood of Γ = AC ∪ AB. Elements of the linear theory include well-posedness, elements of a spectral theory, partial regularity results and maximum and comparison principles. For the nonlinear problem (21), existence of weak solutions in H 1 Γ (Ω) with nonlinearities of unlimited polynomial growth at infinity is proven by combining standard topological methods of nonlinear analysis with the linear theory.
On the other hand, for homogeneous supercritical nonlinearities (when F ′ (0) = 0), the uniqueness of the trivial solution in the class of weak solutions H (21) is the trivial solution u = 0.
For u ∈ C 2 (Ω), this was known from [19] when p > 2 * (1, 1) = 10 and from [21] when p = 2 * (1, 1) = 10. The proof for generalized solutions u ∈ H 1 Γ (Ω) combines suitable Pohozaev type identities with well tailored mollifying procedures, which exploit the simple form of the domain which is a characteristic triangle ABC.
THE PROTTER-MORAWETZ MIXED TYPE PROBLEM IN HIGHER DIMENSIONS
In this section, we study a generalization of the semi-linear Guderley-Morawetz planar problem to higher dimensions. More precisely, we consider the problem
where L is the Gellerstedt operator L = K(y)∆ x + ∂ 2 y on a bounded open mixed-type domain Ω ⊂ R N+1 , N ≥ 2, and the hyperbolic part of the domain Ω − = Ω ∩ {y < 0} has the particular form
The "lateral boundaries" of Ω − are characteristic surfaces (see Figure 3) . The outer part Σ 1 , where (m + 2) 2 (|x| − R) 2 = 4(−y) m+2 , is the boundary of the domain of dependence of the point (0, −((m + 2)R/2) 2/(m+2) ), while the inner part Γ, where (m + 2) 2 |x| 2 = 4(−y) m+2 , is the boundary of the backward light cone with vertex at the origin. Such a domain will be called a Protter domain, and the Morawetz-Protter problem consists in prescribing boundary data on the entire elliptic boundary Σ + and the portion Σ − of the hyperbolic boundary. Murray Protter (1954) proposed these boundary conditions in three dimensions (when N = 2) for the linear equation (cf. [33] ) as an analog to the planar Guderley-Morawetz problem, but even in the linear case a complete general understanding of the situation is not clear even now. Here it is shown that for the semi-linear Morawetz-Protter problem with the Gellerstedt equation the nonexistence principle is valid in any dimension.
Theorem 6
Let Ω ⊂ R N+1 be a Protter domain with boundary Σ + ∪ Σ 1 ∪ Γ. Assume that Ω is star-shaped with respect to the generator V of the dilation invariance for L. Let u ∈ C 2 (Ω) be a solution to (25) - (26) 
Remark 6
Let us mention that this result was proved in [21] for the supercritical case. In the critical case the result was announced in [9] .
Outline of the idea of the proof: The results follow from integral identities of Pohožaev type which are suitably calibrated to an invariance with respect to anisotropic dilations in the linear part of the equation. At critical growth, the nonexistence principle is established by combining the dilation identity with another energy identity. Now, the set Γ on which no data is placed is a piece of a characteristic surface. The lack of a boundary condition on Γ complicates the control of the corresponding boundary integral in the Pohožaev argument, but if Γ is characteristic and tangential to the dilation flow, a sharp Hardy-Sobolev inequality is used to control the terms in the integral identity corresponding to the lack of a boundary condition, as was first done in [19] and later in [21] .
THE PROTTER WEAKLY HYPERBOLIC PROBLEM
Following Protter [33] , we will consider a generalization of the semi-linear 2D Goursat problem to higher dimensions. More precisely, we consider the problem
where Actually, Σ 0 := {y = 0} ∩ {|x| ≤ R} and mention that the "lateral boundaries" of Ω are characteristics (or more generally subcharacteristic) surfaces.
The dilation gives rise to a critical exponent
for the embedding into L p (Ω) of the weighted Sobolev spaceH 1 (Ω; m) of functions from H 1 (Ω; m), that satisfy the boundary conditions (29) u = 0 on Σ 1 , u y = 0 on Σ 0 equipped by the norm
It also defines a natural norm for the search for weak solutions in a variational formulation of the problem.
Remark 7
It is important to note that if we are looking for the embedding of 
Lemma 7
The embedding number given by (30) is the exact critical number of embeddng of H
In [9] we annonced the following result.
Theorem 8
Let Ω ⊂ R 
Remark 8
Even in the linear case, the question of well-posedness is surprisingly subtle and not completely resolved (see [32] , [1] and [2] [31, 30] .
Remark 9
With respect to the regularity of solutions, we have assumed throughout the present work (excluding section 5) 
